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1
$\Omega\subset \mathrm{R}^{N}(N\geq 3)$ $\Omega$ $0\not\in\overline{\Omega}$




$u_{tt}(t, x)$ $-\triangle$u $($#, $x)=0$ , $(t, x)\in(0, \infty)\cross\Omega$ , (1.1)
$u(0, x)=u_{0}(x)$ , $u_{t}(0, x)=u_{1}(x)$ , $x\in\Omega$ , (1.2)
$u|_{\partial\Omega}=0$ , $t\in(0, \infty)$ , (1.3)
$u_{t}= \frac{\partial u}{\partial t}$ , $u_{tt}= \frac{\partial^{2}u}{\partial t^{2}}$ , $\triangle=\sum_{i=1}^{N}\frac{\partial^{2}}{\partial x_{i}^{2}}$ , $x=(x_{1}, \cdots, x_{N})$
$||(||$ $L^{2}(\Omega)$-norm L2-
$(f, g)= \int_{\Omega}f(x)g(x)dx$ for $f,$ $g\in L^{2}$ ( 1).
(1.1) $E$ (t)
$E(t)= \frac{1}{2}\{||ut(t, \cdot)||^{2}+||\nabla u(t, \cdot)||^{2}\}$
$R>0$ $\Omega(R)$
$E_{R}(t)= \frac{1}{2}\int_{\Omega(R)}\{|ut(t, x)|^{2}+|\nabla u(t, x)|^{2}\}\# x$ ,
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$\Omega(R)\ovalbox{\tt\small REJECT}\Omega\Omega B_{R}$ (0)for $R>\rho_{0}$
1 (1 -(1.3) well-
posedness (cf. Brezis [1, $\mathrm{T}\mathrm{h}\ovalbox{\tt\small REJECT} \mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ X.14] or Ikawa [6, Theorem
2.25]).
Proposition 1.1 Let $N\geq 1.$ For each $[u_{0}, u_{1}]\in H_{0}^{1}(\Omega)\cross L2(\Omega)$, there exists a unique
solution $u\in C([0, \infty);H_{0}^{1}(\Omega))\cap C^{1}([0, \infty);L^{2}(\Omega))$ to problem (1.1)-(1.3) satisfying
$E(t)=E(0)$ , $t\geq 0$ . (1.4)
Multiplier method 1
$\Omega$ C. Morawetz [18]




supp $u_{0}\cup supp$ $u_{1}\subset\Omega$(R)(1.5)




$tE(t)=$ ($x\cdot\nabla$u0, $u_{1}$ ) $+ \frac{N-1}{2}(u_{0}, u_{1})-$ ( $x\cdot\nabla$u(t, $\cdot$), $u_{t}(t,$ $\cdot)$ )




$tE(t)\leq$ ( $x\cdot\nabla$u0, $u_{1}$ ) $+ \frac{N-1}{2}(u_{0}, u_{1})-$ ( $x\cdot\nabla$u(t, $\cdot$ ), $u_{t}(t,$ $\cdot)$ )
$- \frac{N-1}{2}(u(t, \cdot),$ $u_{t}(t, \cdot))$ . (1.7)
(1.7) 2
1 :($u$ (t, $\cdot$ ), $u_{t}($t, $\cdot$ )) $\mathrm{A}$ ‘
Schwarz 1.1




$u_{1}$ (x) $\vee$ :
$\triangle h(x)=u_{1}(x)$ , $x\in\Omega$ , $(1.9)$
$h|_{\partial\Omega}=0$ (1.10)
$h$ (x) $u_{1}$ Support
Meyers-Serrin [16] Meyers [15] $\triangleright\mathrm{a}$ $h$ (x) $||\nabla h||<$
$+\infty$
$w(t, x)= \int_{0}^{t}u(s, x)ds+h(x)$ . (1J1)
$w$ (t, $x$ ) $w$ (t, $x$ ) :
$w_{tt}-\triangle w=0$ , $(t, x)\in(0, \infty)\mathrm{x}\Omega$ , $(1.12)$
$w(0, x)=h(x)$ , $w_{t}(0, x)=u_{0}(x)$ , $x\in\Omega$ , (1.13)
$w|_{\partial\Omega}=0$ , $t\in(0, \infty)$ . (1.14)










2 :(x. $\nabla u$ (t), $u_{t}($t))
(1.5)
supp $u(t, \cdot)\subset\Omega(R+t),$ $t\geq 0$ , (1.15)
$|$ (x. $\nabla$u(t), $u_{t}(t)$ ) $| \leq\int_{\Omega}(R)+\int_{R+}t\geq|$
x $|\geq R$
$|$x $||\nabla$u $||$u$t|$dx
$\leq R\int_{\Omega(R)}E(t, x)dx+(R+t)\int_{R+\geq|x|\geq R}tE(t,x)dx$
$\leq RE_{R}(t)+R\int_{\Omega}E(t, x)dx+t\int_{|x|\geq R}E(t, x)dx$
$=RE_{R}(t)+RE(t)+t \int_{|x|\geq R}E(t, x)dx$ , (1.16)
$_{-}^{arrow}\backslash \backslash$
$E$ (t, $x$ ) $= \frac{1}{2}$ ( $|u_{t}$ (t, $x$ ) $|^{2}+|\nabla u(t,$ $x)|^{2}$ )
Morawetz : 1 2 E (t) $=O(t^{-1})$ (as $tarrow+\infty$)
(1.4), (1.7), (1.8) (1.16)
$tE_{R}(t)+t \int_{|x|\geq R}E(t, x)dx=tE(t)$
$\leq J_{0}+|$ (x. $\nabla$u(t, $\cdot$), $u_{t}(t,$ $\cdot)$ ) $|+ \frac{N-1}{2}|$ (u(t, $\cdot$ ), $u_{t}(t,$ $\cdot)$ ) $|$ ,
$\leq J_{0}+\frac{N-1}{2}(\frac{1}{2}||u(t, \cdot)||^{2}+E(0))+RE_{R}(t)+RE(0)+t\int_{|x|\geq R}E(t, x)dx$
$\leq J_{0}+\frac{N-1}{2}E(0)+\frac{N-1}{2}$ ( $\frac{1}{2}||u_{0}||^{2}+\frac{1}{2}||\nabla$h $||^{2}$ )
$+RER(t)+$ RE(0) $+t$ $\int_{|x|}$J(t, $x$ ) $dx$
$J_{0}=(x \cdot\nabla u_{0}, u_{1})+\frac{N-1}{2}(u_{0}, u_{1})$,
Morawetz :
$(t-R)E_{R}(t)\leq J_{0}$ $\frac{N-1}{2}E(0)+\frac{N-1}{4}||u_{0}||^{2}+\frac{N-1}{4}||\nabla h||^{2}+RE$(0).
(1.15) support
( )
5Theorem 1.1 (I.-Nishihara [11]) Let $N\geq 3$ and assume (A-1). If the initial data
$[u_{0}, u_{1}]\in H_{0}^{1}(\Omega)\cross L2(\Omega)$ further satisfy
$\int_{\Omega}$ ( $|$x $|^{2}|$u1 $(x)|^{2}+|x||\nabla u_{0}(x)|^{2}$ ) $dx<+\infty$ , (1.17)
then the unique solution $u(t, x)$ to problem (1.1)-(1.3) has a uniform local energy decay
property: for each $R>\rho_{0}$ and $t>R$ it is true that
$E_{R}(t) \leq\frac{C}{t-R}$ ,





$E_{R}(t)=O(t^{-1})$ $(tarrow+\infty)$ , $\int_{T(R)}^{\infty}t^{1-\sigma}$E$R(t)dt\leq CJ_{0}$ , $\sigma>0,$
with aquantity $J_{0}$ depending on the initial data and atime T(R)>0
exponential






Lemma 2.1 (Hardy-Sobolev) Let $N\geq 3$ . Then for each $u\in H_{0}^{1}(\Omega)$ , it is true that
$|| \frac{u}{|x|}||\leq C||\nabla u||$
with some constant $C>0$ .
1 1 support
( ) 1999 2
T.Matsuyama (Ikehata-Matsuyama [10])
Lemma 2.2 Let $N\ovalbox{\tt\small REJECT} 3$ , and $[u_{0}, u_{1}]\mathrm{C}H\mathrm{J}(\Omega)\cross L2(\Omega)6$ Then the unique solution $u(t, x)$
to problem (1.1)-(1.3) as in Proposition $1\ovalbox{\tt\small REJECT}$ satisfies
$||$u(t, $\cdot$ ) $||\leq C(||u_{0}||+|||x|u_{1}||)$ ,
provided that the quantity $|||$x $|$ u1 $||$ is finite.
Proof of Lemma 2.2. Morawetz (1.9)-(1.10) (1.11)
$w$ (t, $x$ ) $= \int_{0}^{t}u$ (s, $x$) $ds$ . (2.1)
$w(t, x)\in C$ ( $[0,$ $+$X); $H_{0}^{1}(\Omega)\cap H^{2}(\Omega))\cap C^{1}([0, +\infty);H_{0}^{1}(\Omega))\cap C^{2}([0, +\infty);L^{2}(\Omega))$
:
$w_{tt}-\triangle w=u_{1}$ , $(t, x)\in(0, \infty)\cross\Omega$ , (2.2)
$w(0, x)=0$ , $w_{t}(0, x)=u_{0}(x)$ , $x\in\Omega$ , (2.3)
$w|_{\partial\Omega}=0$ , $t\in(0, \infty)$ . (2.4)
multiplier $w_{t}$ (t, $x$ )
$\frac{1}{2}||$w$t$ (t, $\cdot$ ) $||^{2}+$ g $||\nabla$w(t, $\cdot$ ) $||^{2}= \frac{1}{2}||u_{0}||^{2}+\int_{0}^{t}\frac{d}{ds}(u_{1}, w(s, \cdot))ds$
$= \frac{1}{2}||$ u0 $||^{2}+(u_{1}, w(t, \cdot))$ (2.5)
Schwarz Lemma 2.1
$(u_{1}, w(t, \cdot))\leq\int_{\Omega}|$ x $||$ u1 $(x)| \frac{|w(t,x)|}{|x|}dx\leq C|||$x $|$u1 $||||\nabla$w(t, $\cdot$ ) $||$ . (2.6)
(2.5) (2.6)
$\frac{1}{2}$ { $||$w$t$ (t, $\cdot$ ) $||^{2}+||\nabla$w(t, $\cdot$ ) $||^{2}$ } $\leq$ $\frac{1}{2}||$u$0||^{2}+C|||$x $|$ u1 $||||\nabla$w(t, $\cdot$ ) $||$
$\leq$ $\frac{1}{2}||$u$0||^{2}+ \frac{C}{2\epsilon}|||$ x $|$ u1 $||^{2}+ \frac{C\epsilon}{2}||\nabla$w(t, $\cdot$ ) $||^{2}$
$\mathit{6}>0$
$\frac{1}{2}||$ w$t$ (t, $\cdot$ ) $||^{2}+ \frac{1-C\epsilon}{2}||\nabla$w(t, $\cdot$ ) $||^{2} \leq\frac{1}{2}||$u$0||^{2}+ \frac{C}{2\epsilon}|||$ x $|$ui $|^{2}$ .






(1.1)-(1.3) $u$ (t, $x$ )
$v$ (x, $k$ ) $=- \int_{0}^{\infty}e^{-}\sim(t, x)dt$, $x\in\Omega$ , $k>0$ ,
$v$ Helmholtz :
$\triangle v+k2v=(u_{1}+ku\mathrm{o})$ , $x\in\Omega$ (2.7)
$v|_{\partial\Omega}=0$ (2.8)
(2.7) $k=0$ $v$ (x, 0) (1.9)-(1.10)








Weight $\psi\in C^{1}$ $([0, +\infty)\cross\overline{\Omega})$
$\psi$” $x$) $=\{$
$(1+|x|-t)$ , $|$x $|\geq t$ , $x\in\overline{\Omega}$ ,
$(1+t-|x|)_{:}^{-1}$ $|$x $|<t,$ $x\in\overline{\Omega}$ .
$\psi_{t}(t, x)<0$ , (2.9)
Eikonal equation
$\psi_{t}(t, x)^{2}-|\nabla\psi$ (t, $x$ ) $|^{2}=0$ (2.10)
$[0, +\infty)\cross\overline{\Omega}$ Eikonal equation
Lemma 2.3 Let $N\geq 2$ . The unique solution $u(t, x)$ to problem (1.1)-(1.3) as in Propo-
sition 1.1 satisfies
$\int_{\Omega}\psi(t, x)$ ( $|u_{t}$ (t, $x$ ) $|^{2}+|\nabla u($ t, $x)|^{2}$ ) $dx \leq\int_{\Omega}(1+|x|)(|u_{1}(x)|^{2}+|\nabla u_{0}(x)|^{2})dx=\ovalbox{\tt\small REJECT}$
provided that the quantity $I_{0}<+00.$
Proof of Lemma 2.3. Multiplier $\psi(t, x)u_{t}(t, x)$
$0= \psi u_{t}(u_{tt}-\triangle u)=\frac{d}{dt}(\psi E(t, x))-\mathrm{d}\mathrm{i}\mathrm{v}(\psi u_{t}\nabla u)$
$- \frac{1}{2\psi_{t}}|\psi_{t}\nabla$u-u$t \nabla\psi|2+\frac{u_{t}^{2}}{2\psi_{t}}(|\nabla\psi|^{2}-\psi_{t}^{2})$ . (2.11)
(2.9), (2.10) (2.11)




$\int_{\Omega}\mathrm{d}\mathrm{i}\mathrm{v}(\psi u_{t}\nabla u)dxdt\geq\int_{\Omega}\psi(t, x)E(t, x)dx-\int_{\Omega}\psi(0, x)E(0, x)dx$ (2. 12)
divergence formula
$\int_{0}^{t}\int_{\Omega}\mathrm{d}\mathrm{i}\mathrm{v}(\psi u_{t}\nabla u)dxds=\int_{0}^{t}ds\int_{\partial\Omega}\psi(s, \sigma)u_{s}(s, x)\frac{\partial u}{\partial\nu}(s, \sigma)d\sigma=0$,
2.3 2
Lemma 2.4 Under the same assumption as in Lemma 2.3 it is true that
$|$ $(x\cdot\nabla u(t, \cdot)$ , $u_{t}(t, \cdot))|\leq RE_{R}(t)+\frac{I_{0}}{2}+t\int_{|x|\geq R}E(t, x)dx$
for all $t>R$ .
Proof. $R>\rho_{0}$ $t>R$
$|$ (x. $\nabla$u(t, $\cdot$ ), $u_{t}(t,$ $\cdot)$ ) $|$
$\leq R\int_{\Omega(R)}|\nabla$u(t, $x$ ) $||u_{t}(t, x)|dx+ \int_{|x|\geq R}|$x $||\nabla$u(t, $x$ ) $||u_{t}(t, x)|dx$
$\leq RE_{R}(t)+\int_{|x|\geq t}|$ x $||\nabla$u(t, $x$ ) $||u_{t}(t, x)|dx+ \int_{t\geq|x|\geq R}|$x $||\nabla$u(t, $x$ ) $||u_{t}(t,x)|dx$
$\leq RE_{R}(t)+\int_{|x|\geq t}(|x|-\mathit{0}|\nabla u(t, x)||u_{t}(t,x)|dx$
$+t$ $\int_{|x|\geq t}|\nabla$u(t, $x$ ) $||u_{t}(t, x)|dx+t \int_{t\geq|}$
x $|\geq R$
$|\nabla$u$(t, x)||u_{t}(t, x)|dx$
$\leq RE_{R}(t)+\frac{1}{2}\int_{|x|\geq t}(1+|x|-t)$ ( $|\nabla u$ (t, $x$ ) $|^{2}+|u_{t}($t, $x)|^{2}$ ) $dx+t \int_{|x|\geq R}|\nabla u$ (t, $x$ ) $||u_{t}$ (t, $x$ ) $|dx$
$\leq RE_{R}(t)+t\int_{|x|\geq R}E(t, x)dx+\int_{\Omega}\psi$(t, $x$ ) $E(t, x)dx$
Lemma 2.3 1
9
( 2.2 2.4) 4 1.1
Proof of Theo$rem$ $1.1$ . Morawetz identity Star-shapedness (1.7) :
$tE(t) \leq(x\cdot\nabla u_{0}, u_{1})+\frac{N-1}{2}(u_{0}, u_{1})-(x\cdot\nabla u(t, \cdot),$ $u_{t}(t, \cdot))-\frac{N-1}{2}(u(t, \cdot),$ $u_{t}(t, \cdot))$ . $(2.13)$
:
$tE(t)=tE_{R}(t)+ \frac{t}{2}\int_{|x|\geq R}${ $|\nabla u($t, $x)|^{2}+|u_{t}($ t, $x)|^{2}$ } $dx$ , (2.14)
(2.13), (2.14) Lemma 2.4






$u_{tt}(t, x)-c(x)^{2}\triangle u=0$ , (3.1)
$u_{tt}(t, x)-\nabla\cdot$ (K $(x)\nabla u$ ) $=0$ , (3.2)
and
$u_{tt}(t, x)-\triangle u+a(x)u_{t}=0$ . (3.3)
(3.1) ?’f Ikehata-Sobukawa [12]
Ikehata [9]










$c\in C^{1}(\overline{\Omega})\cap L^{\infty}(\Omega)$ $0<c_{0}\leq c(x)(x\in\Omega)$
(A-2): $c(x)=c_{0}>0$ for $x\in\Omega$ satisfying $|x|>r_{0}$ with some constant $r_{0}>p_{0}$ .
$c(x)$
$c(x)$ $\Omega(r_{0})$
(A-3):2x $\nabla c(x)\leq\gamma_{0^{C}}$(x)for $x\in\Omega$ with some constant $\gamma_{0}\in[0,1)$ .
Theorem 3.1 (I.-Sobukawa [12]) Let $N\geq 3$ and assume (A-1), (A-2) and (A-3). If the
initial data $[u_{0}, u_{1}]\in H_{0}^{1}(\Omega)\cross L^{2}(\Omega)$ further satisfy
$\int_{\Omega}$ ( $|$x $|^{2}|$u1 $(x)|^{2}+|$x $||\nabla$u$0(x)|^{2}$ ) $dx<+00,$
then the unique solution $u(t, x)$ to problem (3.1), (1.2) and (1.3) has a uniform local energy
decay property: for each $R>\rho 0$ and $t>R/c0$ it is true that
$E_{R}(t) \leq\frac{C}{(t-(R/c_{0}))^{1-70}}$ ,
with some constant $C>0$ , which is independent of $R$ .
Lax-Ph.illips [13]
$\lim_{tarrow+\infty}E_{R}(t)=0$
( [17] 8 8.8 ) $\circ$ Vainberg
[27] (Tsutsumi [26]
Vainberg Shr\"odinger
4 $\mathrm{a}$ ) $\circ$ Melrose [14] Shibata-Tsutsumi $[23, 24]$
Vainberg [27] non-trapping
Ralston [22] trapping
” ” Burq [2]
(1.1)-(1.3) $H^{2}$-solution
$\log$-order ( Ikawa [5]





,, $\mathrm{M}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{v}\mathrm{e}^{\cup}1$ [21] non-compactly supported
solution














$=u_{t} \nabla\psi\cdot\nabla u+\frac{\psi}{2}\frac{\partial}{\partial t}|\nabla$u $|^{2}+\psi$u$t\triangle$u
$=- \frac{1}{2\psi_{t}}|\psi_{t}\nabla$u-u$t \nabla\psi|^{2}+\frac{1}{2\psi_{t}}\psi_{t}^{2}|\nabla$u $|^{2}$
$+ \frac{u_{t}^{2}}{2\psi_{t}}|\nabla\psi|^{2}+\frac{\psi}{2}\frac{\partial}{\partial t}|\nabla u|^{2}+\psi u_{t}\triangle u$ ,
$-\psi$e$\triangle$u
$=-$div($\psi$u$t\nabla u$ ) $- \frac{1}{2\psi_{t}}|\psi_{t}\nabla$u-u$t\nabla\psi|^{2}$
$+ \frac{u_{t}^{2}}{2\psi_{t}}|\nabla\psi|^{2}+\frac{\psi}{2}\frac{\partial}{\partial t}|\nabla$ u $|^{2}+ \frac{\psi_{t}}{2}|\nabla$u $|^{2}$
$\psi u_{t}u_{tt}=\frac{1}{2}\frac{\partial}{\partial t}\{\psi(|u_{t}|^{2}+|\nabla u|^{2})\}$
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